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Why Test for Predictive Ability?

@ Typically there are several plausible methods to forecast a time series.

@ Since the future values of the time series are unknown, a portion of the
observations from the estimation process is held back and the
alternative methods are estimated over the shortened span of data. The
estimates are then used to forecast the observations of the holdback
period (typically a recursive scheme is used). The properties of the
forecast errors of the alternative methods can now be compared.

@ Early efforts at assessing forecast accuracy revolved around the
calculation of error measures like MSE and MAD.

@ With forecasts from several methods it is inevitable that the sample will
show differences in forecast accuracy between the methods.

@ How likely is this outcome due to pure chance, that is, is the observed
difference statistically significant or not?




Tests for Equal Predictive Accuracy

If there are just two plausible models they can be put to a
head-to-head test. Model-free (i.e. the models that generated
the forecasts need not be available) tests that compare the
forecasts of two alternative time series methods include:

@ Morgan-Granger-Newbold (1977) & Meese-Rogolf (1988},
tests for equal MSEs.

@ Diebold-Mariano (1995).

For these tests Hj says that the alternative methods are
equally accurate on average.



The Diebold-Mariano (DM) Test

@ Two alternative forecast methods.

Two time series of forecast errors: ey, ..., 7 and e, ..., g7.

@ The quality of each forecast is evaluated by some loss function g of the
forecast error.

@ The null hypothesis of egual predictive accuracy is
E d.=Qforall t, where d; = g(e:) — glex).

d
Ve/T
@ Jd is the sample mean of the loss differential series d ,.ndrandais a

consistent estimator of the asymptotic variance of +/Td.

@ Remark 1: Harvey, Leybourne & Newbold (HLN) later addressed the
finite-sample properties of the DM statistic, under the additional
assumption that all autocovariances of {d:} beyond some lag length g
are zero, and proposed a modified test based on an approximately
unbiased estimator of Var d.

@ Under fairly weak conditions is asymptotically N(O, 1) under H.




Introductory Remarks

« Obvious desirability of formal testing procedures

« But earlier efforts at assessing forecast accuracy
revolved around calculation of summary error
statistics-mainly due to complexities in dealing
with sampling uncertainties and correlations
present in forecast errors



IntrOdUCtOry Remarks .. continue

* Formal testing approaches started with loss functions
that are quadratic in forecast errors; & forecast errors are
assumed to be Gaussian and serially uncorrelated

* More recent efforts — much more relaxed conditions
— Loss functions may be nonquadratic and asymmetric
— Forecast errors need not be Gaussian
— Generally based on large-sample asymtotic analysis

— With limited experimental studies on small-sample
properties



Significance Tests of Forecast
Accuracy

 Model-based tests

— Assumes an econometric model, typically
parametric

— Model is estimated from a given data sample

— Data and model are both available for testing
forecast accuracy

— Applied in large macroeconometric models,
using deterministic and stochastic simulations
of the estimated model



Significance Tests of Forecast
Accu racy ... continue

 Model-free tests

— Limited information set: set of forecasts and
actual values of the predictand



Preliminaries (1)

Available information: t=1,2,3, ... T
— Actual values vy,

— Forecast i: y;, 1=1,2

Forecast errors: e; =y, - V;

Loss depends on forecast and actual values
only through the forecast error:

a(Ye Yi) = 9(Vie - o) = 9(€p)
Loss differential between the two forecasts
d(t) = a(e4y) — g(ey)



Preliminaries (2)

* Two forecasts have equal accuracy if and
only if the loss differential has zero
expectation for all t

* Hence, test
H,: E(d;) = 0 for all t
versus the alternative hypothesis
H,: E(d,) = 4, different from zero



Morgan-Granger-Newbold (MGN)
Test (1977)

 Assume
A(1) Loss is quadratic
A(2) Forecast errors are (a) zero mean, (b)
Gaussian, ( ¢ ) serially uncorrelated

e Let
Xi = €4 + €y
Zy = €4y — €y

* Here, H, is equivalent to equality of the two
forecast error variances, or, equivalently, zero
correlation between x; and Z,



Variations of MGN Test

« Harvey, Leybourne and Newbold (1997)
regression set up
X, =Bz + ¢

 The MGN test statistic is exactly the same
as that for testing the null hypothesis that
B = 0 in this regression.



Variations of MGN Test ... continue

* When the forecast errors come from a heavy-
tailed distribution , HLN argue that the estimate
of the variance of b is biased and suggest
utilizing a White-correction for heteroskedasticity
to estimate the variance of b.

* Another HLN variation: Spearman’s rank test for
zero correlation between x and z



Variations of MGN Test ... continue

* Real drawback of all these tests: limitation
of applicability to one-step predictions and
to squared error loss



Meese-Rogoff (MR) Test (1988)

Now, forecast errors can be serially and
contemporaneously correlated

Still maintain assumptions A1, A2a, and
A2b and assume squared error loss

The MR test is based on the sample
covariance between x,and z,



Diebold-Mariano (DM) Test (1995)

* Applicable to nonquadratic loss functions,
multi-period forecasts, and forecast errors
that are non-Gaussian, nonzero-mean,
serially correlated, and
contemporaneously correlated.

» Basis of the test: sample mean of the
observed loss differential series



DM Test (2)

* Assuming covariance stationarity and other
regularity conditions on the process {d}, then

TY?(d — 1) converges in distribution to
N(O, 2 = 14(0)),

. fy(.) is the spectral density of {d;}

« d is the sample mean loss differential



DM Test Statistic

DM =d /[27f,(0)/T]"?

where f,(0) is a consistent estimate

of f,(0).



Small-Sample Modification of DM
Test

« HLN (1997) :use an approximately
unbiased estimate of the variance of the
mean loss differential

* Forecast accuracy is measured in terms of
mean squared prediction error



Small-Sample Modification of DM
Test ... continue

H-step ahead forecast errors are assumed
to have zero autocorrelations at order h
and beyond

Small-sample modification
DM* = DM/{[T+1-2h+h(h-1)/T]/T}"2

t-distribution with T-1d.f.



Applications

* Predictability of nominal exchange rates
(Mark 19995)

« Comparing predictive ability of flexible-
specification, fixed-specification, linear and
nonlinear econometric models of
macroeconomic variables (Swanson &
White 1997)



Applications

* Predictive ablility with cointegrated variables
(Corradi, Swanson & Olivetti 2001)

 Predictive ability in the presence of structural
breaks (Clark & McCracken 2003)

« Forecast comparison of volatility models versus
GARCH (1,1) — (Hansen & Lunde 2005)



Applications

» Forecast comparison of volatility models
versus GARCH (1,1) — (Hansen & Lunde
2005)



A Multivariate Test

k -+ 1 alternative forecast methods, kK > 1.

Hy, : Egle) = Egl(exy)=..= Eg(e.,) or, equivalently,

E glen) = Eg(ex) N Eg(ex) = Eg(es)n ... A Eg(er) = Eg(€xi1),
where A denotes logical ‘and’.

The null hypothesis of equal predictive accuracy is Ed; = 0 for all ¢,
whered: = (dy;,..., dw) and dy = g(e;) — gl€14). f=1,.... k
Under fairly weak conditions Td'€)”'d is asymptotically 2 under H.

d Is the sample mean of the vector loss differential series d4,...,dr and
Q) is a consistent estimator of the asymptotic variance of v/7d.

For simplicity, it is assumed that {d;} is a vector MA(qg) process such
that lim7_.. Var (vTd) =T(0) + 327 . [F(h) +T'(h)] = Q.

I'(h) is the autocovariance matrix of {d;} at lag A.




Invariance and Bias

Remark 2: Any reordering of the alternative forecasting methods
potentially alters the appearance of d;.

For any two vectors of loss differentials based on two distinct

orderings, d; and df say, there exists a nonsingular matrix B such
that Bd; = dj.

Consequently, the proposed Wald statistic $; = TAO 'dis
unaffected by reordering.

Remark 3: In our multivariate extension of the Diebold-Mariano test
we estimate Vard by 7-1€Q. In finite samples, however, T-1€ is
biased.



Two Modified Tests

The finite-sample correction of HLN for the DM test extends to our
multivariate setting, and it can be improved in terms of the order of
the error in its underlying approximation. This results in two modified
tests with potentially better finite-sample properties than S;.

@ The HLN modification of Sy:

e 1
S, — q? gt

@ The on S, ‘improved’ modification of S;:

I —1— 25— T—1q(q+1)8
1

S5 = =




Monte Carlo Setup

@ Consider the simple case with three alternative methods and Gaussian prediction errors, that are to be
compared in terms of mean prediction error. Thatis, wetest Hy « Eey = E e = F ear.

@ We consider g-dependent, contemporanecusly correlated forecast errors where g Is elther 0, 1 or 2.
@ The Gaussian vector MAlg) forecast errors are given by
2
1488468 0 0
J 1He5+62
Eil o 1404 B48, 82 5 Vit
B2 = Jm Vay s
2af 1 2 g
148, B+8,82
2 4 “EoT T
e
where ¥ ~ NA(0, R) and
T p &
Ri= g 1 p
e g 1

By construction, 8 ~ MNs(0, R).

@ The loss differential vector at time £ is given by di = ( g;; ) = ( z; N ggi ) .




Tatle 1: The table reports the percentage of the simulations in which the true null of equal
mean forecast errors is rejected at the asvmptotic 10% critical value. The model generating
the Gaussian forecast errors takes the form of a trivariate MA(2) process. The parameters
#y and & denote the MA coefficients for the three forecast errors and control the serial
correlation. The parameter p controls the contemporaneons correlation between the fore-
cast errors. Sy and 5y denote, respectively, the original and HLN versions of the proposed
test. Sg is the improved version of S5, The presented results are based on 1000000 Monte
Carlo replications.

o= =05 p=103
Tl T=00 T=100 T=30 T=400 T=80) T=100 T=30 T=400 T=5 T=100 T=200 T =400
f=f=10

5 11.96 101,99 10.4% 10,27 11.949 10,94 100,50 10.24 1203 11.00 10,531 1027

Sy 11.49 10.75 10,37 10.21 11.51 10.76 10,38 10,15 11.54 10,74 10,39 10,22

5y 11.49 10,75 10,37 10.21 11.51 10,76 10,35 10,15 11.54 10,74 10,39 10.22

B =008 =10

.'5:] 15.22 1254 11.2% 10,63 15.23 12,50 11.24 10.63 10,20 1252 11.24 1066

"':'F 13.67 11.749 10,87 1046 1367 11.81 101,58 10,43 1372 11.79 10491 10.48

5q 13.63 11.78 10,86 1046 13.62 11.80 10.88 10.445 13.67 11.78 10491 10.48

M =0986=10

5 1500 1230 11.21 10,63 1510 12,40 11.21 10.62 1516 1247 11.25 1084

Sy 1355 11.74 10.84 10.45 13.07 11.7% 10,84 10,44 13.61 11.73 10,84 1047

Sy 13.50 11.73 10,83 10.45 13.52 11.74 10.85 10.44 13,56 11.72 1084 10.47
th =ty =05

.'.:-:] 1580 4.1 12.0% 11.04 1581 14.23 1208 11.04 1584 14.20 1207 11.06

.'5'2 16,05 1294 11.42 10.74 16,08 12.95 11.43 10.74 16.14 1293 11.44 10,76

5q 1591 1299 11.41 10.74 15.95 12093 11.42 10.74 1, 1 1240 11.45 10,76
# = =09

5 18.79 14.22 12.03 11.04 1581 14.23 12,08 11.04 1580 14.21 1207 11.00

Sy 16.03 12495 11.42 10.74 16,110 12.95 11.43 10.73 1612 1293 11.45% 10,76

Sy 1580 1208 11.42 10.74 15,96 12093 11.43 10.73 10,68 1240 11.45 10,76




Multivariate Case
Monte Carlo Results

* The proposed test can be oversized in
moderate samples

* The test benefits noticeably from the finite-
sample correction, even in moderately
large samples

 However, the finite-sample correction
provides only a partial adjustment



Multivariate Case
Follow-up Work

Consider alternative types of weak stationarity

Extensions to

— Panel data (Pesaran)

— High frequency data

— Qualitative and limited dependent variable

— Semiparametric approaches

Compare with White / Hansen's data snooping reality
test

Relation to Ken West’s test for predictive ability

Semiparametric approaches to multivariate tests of
forecasting performance

Power considerations



The End



